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Mathematical models used in ecology often inherit the complexity found in nature and
thus are governed by a large number of variables. Aggregation of variables methods is
used to make such models mathematically tractable by building an approximate system
governing fewer variables. We extend here aggregation methods for linear discrete
models with processes occurring at different time scales. In practical cases, some
processes that occur at a fast time scale are often only measured at a slow time scale,
like mortality. We present a general class of models with two time scales involving
such kind of processes. We show how they should be re-scaled in order to be taken into
account at the fast time scale in a more realistic approach. The approximate aggregation
of these models is undertaken and justified in mathematical terms. We also provide an
application to a model of a structured population in a two-patch environment.

Keywords: aggregation of variables; time scales; population dynamics; linear discrete
models

1. Introduction

The representation of complex ecological systems by means of mathematical models
makes the latter to be also complex and thus requiring some reduction to be
mathematically tractable. This complexity arises from the fact that observations and model
predictions are all related to a certain scale and a detailed model necessarily includes
several different scales. To avoid incompatibility of ecological data and to translate model
processes from one to another scale, we need transferring information between scales,
what is called scaling. Hierarchy theory provides the conceptual framework of how the
involved processes and components interrelate and how they can be ordered [10,16].
It deals with a ranking of levels, each consisting of interacting entities with their own
dynamics, being the strength of the interactions among the entities, expressed by the size
of process rates, what is most helpful for scaling issues. The entities of a given level with
strong or fast interactions can be grouped giving rise to the entities at next level. In this
context, the process of up-scaling consists in deriving aggregated variables and their
dynamics from the lower level.

From a mathematical point of view, aggregation of variables was introduced in the
field of economics and was made prevalent in ecology in Ref. [8]. The concept was further
extended to approximated aggregation in Ref. [9]. Approximate aggregation techniques
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have been widely studied in the context of models with different time scales, see the
reviews in Refs. [1,2]. In this work, we are interested in linear discrete models. In Refs.
[3,13—15], linear discrete models with two time scales are studied. The models include
two processes acting at different time scales and the analysis makes profit of the fast
process (strong interactions) to find the global (aggregated) variables and build up the
reduced system governing approximately their dynamics. It is proved that the elements
defining the asymptotic behaviour of the complete and the aggregated systems are equal up
to a certain order. In Ref. [3], the time unit of the complete system is the one associated
with the fast dynamics, while in Ref. [13], it is the one corresponding to the slow process.

In the construction of a discrete model with two time scales, it is not always possible to
choose as time unit the fast one because it may happen that during a fast time unit, the
action of the slow process is not describable while, on the other hand, if the system is
expressed in the slow time unit, the fast process can be represented by letting it act a
number k of times reflecting the ratio between time scales. If we represent the slow process
by matrix S and the fast process by matrix F, then the matrix of the complete system is
SF*. This generic form has been used to model the dynamics of an age or stage-structured
population inhabiting a patchy environment, e.g. multi-regional Leslie models (trouts in a
river network in Ref. [5], insects in Brittany landscape in Ref. [12]) where matrix F
corresponds to the migration process and gathers dispersal matrices for every age class,
and matrix S that places together the patch-specific survival and migration rates of a
classical Leslie matrix for each patch. It is further assumed that migration is fast in
comparison to local demographic processes (reproduction, mortality and ageing) which
can happen once a year while individuals could migrate from one to another patch
every week. By supposing that k tends to infinity, i.e. the fast dynamics is instantaneous
with respect to the slow one, the model reduces to a classical Leslie model with the
equilibria of the migration process reflected in its parameters. In Ref. [13], it is proved that
the eigen-elements defining the asymptotic behaviour of the complete system can be
approximated from the corresponding elements of the aggregated system.

A drawback of the described slow—fast multi-regional Leslie model is that it may be
unrealistic in some ecological situations. It is assumed that individuals at first perform a
series of k dispersal events, and then reproduction and survival occur according to the
arrival patch, that is, individuals move frequently from patch to patch but nothing happens
concerning reproduction or mortality meanwhile. Though the assumption is realistic for
reproduction, because discrete models are mainly used for species having offspring once
every time unit, it is not so in the case of mortality, since individuals may die at any time
with different survival rates playing a role. It is more realistic to take into account survival
together with migration at the fast time scale and reproduction and ageing at the slow time
scale. Let L and M be the matrices representing the demographic and migration processes,
respectively. The matrix associated to the described slow—fast multi-regional Leslie
model is LM, If we write L =RS where R is a matrix representing ageing and
reproduction and S is survival, the more realistic model that we propose has the following
associated matrix: R(S'/M)*. Because a survival matrix is usually a diagonal matrix, we
have denoted S /¥ the diagonal matrix whose diagonal elements are the fractional powers
of the diagonal elements of S for a better understanding. We have re-scaled survival to fit
at the fast scale in the form §'/¥.

The aim of this work is to extend the results in Ref. [13] to a larger class of models
encompassing situations where it is needed to re-scale a part of the slow process at the fast
scale. In general, the aggregation of a system consists in defining a small number of global
variables, functions of all state variables and to derive a system describing their dynamics.



[de la Parra, R Bravo] At: 14:50 28 March 2011

Downl oaded By:

Journal of Difference Equations and Applications 623

A linear discrete system can be perfectly aggregated whenever the associated matrix of
order N can be written as the product of two matrices of dimensions N X g and g X N,
respectively, with ¢ < N. If this is the case, a new system with ¢ variables can be defined
and the dynamics of both systems can be obtained from each other. We are interested in
approximate aggregation and so, from an abstract point of view, we are treating linear
discrete systems which are closed to systems that admit perfect aggregation. Section 2
includes the presentation of a general reducible linear discrete system, defined by means of
a sequence of matrices whose limit when k tends to infinity admits perfect aggregation,
together with the construction of its aggregated system and the relationship between their
corresponding asymptotic elements. In Section 3, we apply the general framework of
Section 2 to a linear discrete population model whose dynamics is driven by two
processes, slow and fast, whose corresponding characteristic time scales are very different
from each other. It is also presented as a particular case a model that includes the situations
where we have to re-scale a part of the slow process at the fast scale. Section 4 illustrates
this latter case applying the aggregation method to a simple model of a population
structured into juvenile and adult classes and migrating between two patches. After the
conclusions, there is an appendix where a nice result is proved on the convergence of a
matrix sequence which shows that the general method applies to the models presented at
the end of Section 3 and in Section 4.

2. Reducible linear discrete population models

In this section, we present a general discrete population model, let us call it complete
model, which will be susceptible to being reduced.

The model evolves in discrete time and is defined by a convergent sequence of
non-negative matrices H; € R*", with k € N. Denoting by X¢, = (x} ,, ..., x) € RY
the vector of state variables at time n, the complete system is defined by

Xiny1 = HiXp - (1)

In order to reduce the system (1), we will suppose that & is large enough and we impose
some conditions which are specified in the two following hypotheses:

HyYPOTHESIS 2.1. There exists a matrix A which is the limit of H;

khm Hk =H.
In the second hypothesis, we use the concept of allowability of a non-negative matrix
in Ref. [17]. A non-negative matrix is called row allowable (column allowable) if it has, at
least, one positive entry in each row (column).

HyPoTHESIS 2.2. There exist ¢ € N, ¢ < N, and two non-negative matrices G € [R?FXN
column allowable and D € IRZXX‘] row allowable such that A can be expressed as

H = DG.

In what follows, we suppose that Hypotheses 2.1 and 2.2 are met. Hypothesis 2.2 is
usually met when dealing with iterations of primitive stochastic matrices. In that case, the
Perron—Frobenius theorem is useful to determine the decomposition of matrix H.
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Then, we proceed to reduce system (1) in two steps. First, we define the so-called
auxiliary system which approximates (1) when k — co. Denoting its vector of variables at
time n by X, this auxiliary system reads

X1 = HX, = DGX,. 2)

Secondly, we define the so-called global variables, which will play the role of state
variables of the reduced, or aggregated, system

Y, =GX, € R’
Multiplying both sides of (2) by G, we obtain

Yui1 = GXps1 = GDGX,, = GDY,,

which is the linear discrete system for the global variables Y, that we use as approximation
of system (1). Defining A = GD, the aggregated system reads

Yn+1 =AY,. 3)

Notice that, through the previous procedure, we have constructed an approximation of
(1) that allows us to reduce a system with N variables to a new system with ¢ variables. In
most practical applications, ¢ will be much smaller than N.

2.1 Relationships between the complete and the aggregated system

This section is devoted to the study of the relationships between the aggregated (3) and the
original (1) systems. We will start relating the spectral properties of matrices H and A,
associated to auxiliary (2) and aggregated (3) systems, and then we will compare the
elements governing the asymptotic behaviours of complete (1) and auxiliary (2) systems
by considering matrix Hy as a perturbation of matrix H.

Let us notice first that the relationship between the auxiliary and the aggregated
systems is an example of perfect aggregation in the sense of Ref. [8]. To be precise, if
{X,},en 1s the solution of auxiliary system (2) associated to the initial condition X
and {Y,},en the solution of aggregated system (3) for Yy = G Xy, then they verify
X, =DY,-y and Y, = GX,,.

To compare the asymptotic behaviour of the auxiliary and the aggregated systems, we
assume that matrix A of the aggregated system is primitive, what implies, theorem of
Perron—Frobenius [17], that there exists A4, > 0 which is its strictly dominant eigenvalue,
with corresponding positive right column eigenvector v, and positive left row eigenvector
u,. These eigen-elements characterize the asymptotic behaviour of the aggregated system
(3) in the following sense: for every initial state, we have that, in the long term, the
population size grows exponentially at a rate A4, the population reaches a stable structure
given by the vector v4, and the reproductive values [4] associated to the different
population classes or stages are given by vector uy,.

We can now establish in the following theorem the relationship of the eigen-elements
characterizing the asymptotic behaviour in the auxiliary and the aggregated systems.

PROPOSITION 2.3. If matrix A is primitive then

(1) Matrix H is also primitive and A4 is its strictly dominant eigenvalue.
(2) Vector vy = DV, is a positive right column eigenvector of H associated to A4.
(3) Vector ug = uuG is a positive left row eigenvector of H associated to .
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Proof.

(1) A primitive implies (Ref. [7], Theorem 8.5.2) that there exists a p € N such that
AP > 0. We have now that (H)""! = DA’G is positive due to Hypothesis 2.2 and
so H is primitive.

Once we prove that A4 is an eigenvalue of H with a positive associated
eigenvector, Corollary 8.1.30 in Ref. [7] implies that Ay, = p(H) and thus its
strictly dominant eigenvalue.

(2) Matrix D being row allowable (Hypothesis 2.2) ensures that vz = Dv, is positive
and to show that it is an eigenvector associated to A4:

Hvy = DGDVy = DAV, = DAMVA = MV

(3) Matrix G being column allowable (Hypothesis 2.2) ensures that ug = usG > 0
and we also have

llHI_f == llAGDG = llAAG == /\AllAG == )\Aul:lv

i.e. ug is a left row eigenvector of H associated to A4.

|
Matrix H;, of the complete system can be considered as a perturbation of matrix A of
the auxiliary system

H,=H+ (H, — H), “4)

where matrix H;, — H converges to zero as k tends to infinity (Hypothesis 2.1). Therefore,
the higher the value of k, the closer are the eigenvalues and eigenvectors of H; and H.
Thus, if k is large enough we know about the asymptotic behaviour of the complete
system from that of the auxiliary one and, through Proposition 2.3, from that of the
aggregated one.

THEOREM 2.4. Suppose that Hypotheses 2.1 and 2.2 are verified, and that matrix A of the
aggregated system (3) is primitive, As being its strictly dominant eigenvalue, and v, and
u, its corresponding positive right column and left row eigenvectors, respectively. Then,
we can conclude that, for k large enough, matrix Hy. of the complete system (1) is primitive
and, for k— o and any consistent norm |||\, its strictly dominant eigenvalue \y,, and its
corresponding positive right column and left row eigenvectors Vg, and uy, verify:

(1) A, = Ay +2OEIDD 4 (|| — HIP).

(2) vy, = Dva + O(|H — HI|).
(3) uy, = u G+ O(|H, — HI)).

Proof. Proposition 2.3 establishes the primitivity of matrix A that together with Hypothesis
2.1 implies that, for k large enough, matrix H has, at least, the same positive entries that A
and so that it is also primitive (Ref. [7], Theorem 8.5.3).

The rest of the proof is a direct consequence of Proposition 2.3, considering Hy a
perturbation of A, (4), and using the results on matrix perturbations in Ref. [18] (pp. 183
and 240). O
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We have shown that we can get essential information about the asymptotic behaviour
of the complete system (growth rate, stable distribution and reproductive values) through
the study of the aggregated system.

3. Linear discrete population models with two time scales

In this section, we apply the general framework of Section 2 to a linear discrete population
model whose dynamics is driven by two processes, slow and fast, whose corresponding
characteristic time scales are very different from each other. The population considered is
divided into g groups, and each group i (i =1, ...,q) divided into N’ subgroups, with
N =N!+ ... 4 N4 This population structure, as we will see below, is directly related to
the two different processes and their different associated time scales. We represent the

state of the population at time n by vector X,, := (x,'l, ...,XZ)T S [R]X, where T denotes

transposition. Every vector x|, n

The slow process is defined by the non-negative projection matrix S € [R{T(N , which
we consider divided into blocks S¥, 1 < i,j = q. We have then

=l V) e [Rf represents the state of the i group.

Sll S12 . Slq

SZI S22 L S2q
S=1. . . b

gal g4z ... §aq

where each block SV = [SZ?I] has dimensions N; X N; and characterizes the rates of
transference of individuals from the subgroups of group j to those of group i. More
specifically, foreachm = 1,2, ... ,N;andeach /= 1,2, ...,N;, SZ-” represents the rate of
transference of individuals, due to the slow process, from subgroup [/ of group j to
subgroup m of group i throughout a slow time unit.

We assume fast process to be internal for each group i (i =1, ..., q). Individuals
interact strongly among the subgroups of the same group while these interactions are
weaker with individuals in other groups. For each group i, the fast process is defined by a
sequence of non-negative matrices F';; € Rﬁ"XN " with k € N, where k represents the ratio
of the slow to the fast time scale and F’; x the projection matrix through a fast time unit for
the specific k and the group i. The fast process for the whole population is then defined by
the sequence of block-diagonal matrices Fy = diag{Fx, ..., Fyx} € IR]XXN .

We choose as time step of the complete model that corresponding to the slow
dynamics and in order to approximate the effect of the fast process over a time interval
much larger than its own, we assume that during this time step the fast process acts k times
before the slow process acts, where k in applications will take a large value. Therefore, the
complete system is defined by

X1 = S(FL) X0, (5)

where (F)* denotes the k-power of matrix F.
In order to meet Hypotheses 2.1 and 2.2, we make the following assumptions.

HyprotHEsIs 3.1. Fast process: for every i (i =1, ...,q), there exists a matrix F; =
limy—co(F; )" and two positive matrices G; € RY" and E; € RY™! such that F; = E;G;.
Slow process: for every i (i = 1, ..., q), matrix S;; is row allowable.

We denote F = diag(Fy, ..., F,} € RV, G = diag{G, ...,G,} € R”" and E =
diag(Ey, ...,E,} € RY*Y. Then, we have limj_«(F)* = F = EG.
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Assuming Hypothesis 3.1, we follow the development of Section 2 in the particular
case of system (5) where Hy = S(F)*, H= SF and D = SE. The auxiliary system is
X,+1 = SFX,, = SEGX,, and we define the global variables

Yo=1p ., Yg0) = (GiX), ..., Gx1) = GX,. (©6)

The fast process, apart from being internal for each group, attains an equilibrium which for
an initial distribution among its subgroups x}, is F;x, where we can notice that this
equilibrium, F;x}, = E;G;x},, depends on initial conditions only through the value of the
associated global variable G;x}).

The aggregated system, denoting S = GSE, reads

Y, =8Y,. (7

Finally, as a direct consequence of Theorem 2.4, we obtain the following result that
allows us to study the asymptotic behaviour of system (5) by means of the aggregated
system (7).

PROPOSITION 3.2. Suppose that Hypothesis 3.1 is verified, and that matrix S of the
aggregated system (7) is primitive, its strictly dominant eigenvalue being A3, and vy and ug
its corresponding positive right column and left row eigenvectors, respectively. Then, we
can conclude that, for k large enough, matrix S(Fi)* of the complete system (5) is primitive
and, for k — oo and any consistent norm ||-||, its strictly dominant eigenvalue As(r, > and its
corresponding positive right column and left row eigenvectors Vg, v and g,  verify

- N R _
(1) Mgy = As +SEGUIES 4 o(ll(Fo — FIP).

(2) Vg, = SEvgy + odl(F)k = Fl).
(3) ug = uzG+ O(l(F) = Fl).

We propose in the sequel, a particular case of fast dynamics for which Hypothesis 3.1
is met. We suppose, forevery i = 1, ..., g, that matrix F; is the product of two matrices:

Fi = D;M;. (8)

y

Matrices D;; are defined from a non-singular matrix D; of order N as
Djy = exp((1/k)D}), where D! is a matrix such that exp(D)) = D;. Matrix M; is a
primitive matrix of order N whose strictly dominant eigenvalue is 1 with a positive
left-associated eigenvector, row vector uw; = (u;1, ...,u;yi) and a positive right-
associated eigenvector, column vector v; = (v;1, ...,v,;,Nf)T verifying u;-v; = 1. Now,
Theorem A.1 (see Appendix) applies and we have

klim (DixM)* = yiviu; withy; = exp(u;D}v;)
and
k 1
l(DixM)* — yiviwi|l = O i)

Therefore, calling F; = limk_.oe(Di,kMi)k, G; = u; and E; = vy,;v;, we see that Hypothesis
3.1 is met and that we can estimate the convergence in Proposition (3.2) in terms of 1/k

_ 1
HWM—W=OG> )
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We present in Section 4 an application of this case to an age-structured population
inhabiting a multi-patch environment.

4. Application

The model we present in this section includes, on one hand, the most basic life cycle
division [11], the population is structured into two classes: non-reproducing juveniles and
reproducing adults, and, on the other hand, the simplest heterogeneous environment,
which is composed of just two different patches. The demography is defined by the
survival rates of juveniles and adults, the maturation rates of juveniles and the fertility
rates of adults.

For each patch j (j = 1,2), let oy; and o»; be the fraction of the juveniles and adults
(respectively) alive at time n that survive to time n + 1. Also, let u; be the fraction of the
surviving juveniles that mature to become adults. Finally, supposing that reproduction
happens at the end of each period of time [n,n + 1), let ¢; be the number of juveniles
produced by an adult that survive to time n + 1. The projection matrix corresponding to

patch j thus reads as follows:
o(1 — wj) ooy
. (10)

O1j ki 02

The complete model includes demography together with migrations between patches.
Migrations are considered fast in comparison to demography, and the time unit of the
associated discrete system is the one associated to demography. We consider reproduction
and maturation as processes that happen once at the end of each period of time [n,n + 1)
but, on the other hand, mortality could happen at any time between n and n 4 1. In order to
take this into account and to combine demography and migrations, which occur & times in
each period of time, we write matrix (10) in the following form:

oyl — ) oydy I—w &\ [(@pf 0
_ - (11
T o w1 0 (oot

We represent the state of the population at time n by vector

X, =02 2t 2T e Ri,
where xY and x% denote respectively the density of juveniles and adults in patch j.

The projection matrix of migrations for an interval of time which is 1/k of the one
associated to demography, representing k the ratio between time scales, follows:

1 — g p1 0 0
q1 1 —pi 0 0
0 0 1-g p | (12
0 0 2 1—p

where ¢, and p; represent the proportions of juveniles which leave respectively patches 1
and 2, and ¢, and p, the proportions of adults which leave, respectively, patches 1 and 2.
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Now putting together demography and migrations and having in mind the order of the
variables in X, and the decomposition in (11), we propose the following complete model:

Xui1 = S(F)X,, (13)
where
1= 0 ¢1 0
0 l—wp 0 ¢
S 0 0
0 1) 0 1
and
1
(k0 0 0 l—q  pm 0 0
0 (owk 0 0 a 1-p 0
L P 0 0 1-g pm
0 0 0 (0_22)% 0 @ 1—-p

Following the notation in (8), we have that

1
(gi)k 0 l—q: pi
Di,k = 1 and Mi = 1 — .
0 (opk ai pi

We note then that D; = diag{o;;, 02} and so D:» = diag{In(o},), In(0y,)}. Matrices M;,
provided that p;,q; € (0,1), are stochastic and primitive, and we can choose the
eigenvectors associated to eigenvalue 1 to be

T
w,=(1,1) and v,:<p’” L )
i+4qi pit+aqi

We can now calculate

_Pi _4qi
i = exp(wiD[v;) = (g Pita(op)rita,
matrix G = diag{u;,u,} and matrix £ = diag{+y;v, y»v2}. The global variables
Yo=Y Y2, =GX, =@ +x2.2" + )T e RZ

are the total densities of juveniles and adults, respectively, and the resulting aggregated
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system is
pil—p)+q(l —w) prdr + g
Y1 2
Y GSEY, prta Pt Y 14
OE T P11+ g1 n (14)
| — Y2
P1+q

Proposition 3.2 tells us that the dominant eigen-elements of system (13) can be
approximated from the corresponding eigen-elements of system (14) with a discrepancy
which is, according to expression (9), a O(1/k). To illustrate the kind of results that one
can deduce, we introduce a simplifying assumption in system (13). We suppose that we are
treating the case of a precocious and iteroparous species, e.g. small mammals and birds,
see Ref. [11], which begin reproducing when a year old and survive and reproduce for
several years. To introduce this assumption into the model, we set w; = u, = 1, all
surviving juveniles become adults in a period of time. The projection matrix of the
aggregated system (14) is now

0 P + g2
D
pta | (15)
Y1 Y2

If we calculate n, the inherent net reproductive number of this matrix, see Ref. [6], which
shares with its strictly dominant eigenvalue being larger, equal or less than 1

_ 7 pdtqd
=y, p+q

We obtain (Ref. [6], Theorem 1.1.3) that solutions of the aggregated system grow
exponentially if n» > 1 and decay exponentially if n > 1. Via Proposition 3.2 we get, for k
large enough, the same conclusions on the solutions of complete system (13) in the case
n1 = up = 1. Though we presented a model with two patches, no added difficulty would
have been met in a similar model with a large number of patches. The aggregated system
together with the conditions on exponential growth or extinction of the population could
have been expressed as simply as in the two patches case.

5. Discussion

In the present work, we have introduced a very general class of linear discrete models that
admit an approximate reduction. We have extended previous works [3,13,14] on
aggregation methods by showing how the aggregated model is built and how the
asymptotic behaviour of the original model can be studied through it.

When there are two processes acting at different time scales that should be gathered in
a single discrete model, there is a decision to make on the time unit to use. If we use the
fast time scale, then we face the problem of describing the action of the slow process along
a time unit much smaller than its own. This problem is, in many situations, unsolvable
because there are many discrete processes that have no sense if observed at time intervals
different from the ones they are naturally associated to. On the other hand, the choice
of the slow time scale avoids this problem because we just need to let the fast process act
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a number of times approximating the ratio between time scales in order to describe its
action through a slow time unit.

Discrete models in population dynamics involving two time scales use to classify
processes as those which occur at slow time scale and those which occur at fast time scale.
Nevertheless, some processes such as mortality, predation and others, which are often
measured at slow time scale, act almost continuously and thus should be better considered
as occurring at fast time scale. For this kind of processes, we have shown how to express
their actions on a much shorter interval of time by performing a sort of kth root of their
known actions, whenever this has sense as in the proposed application in Section 4 with
mortality. Once the originally slow process has been re-scaled to the fast time scale, the
conditions on fast dynamics that allow the reduction of the model change with respect to
those appearing in previous works. In Section 2, we have proposed these conditions in
their most abstract setting Hypotheses 2.1 and 2.2. We have shown how to build the
aggregated model and determined its asymptotic relationship with the original model.
Section 3 particularizes the general setting of Section 2 so that models with two time
scales, which appear in previous works, are included and the option of re-scaling some of
the considered slow processes is also admitted.

We have illustrated the results in Section 3 with an example in Section 4 that
emphasizes the fact that mortality is measured at slow time scale but represented in the
model at fast time scale. Even a simple application like the one proposed shows that
aggregation methods provide analytic results that could not be obtained otherwise just by
working with the complete model.

Further methodological studies should consider cases where Hypothesis 2.1 is
generalized. An important case where Hypothesis 2.1 fails to be met is the case where
migration matrices are not primitive, leading to cycles at fast time scale. These kinds of
matrices appear in seasonal migrations. A real world application is planned for a
spatially explicit population dynamics model of the species Abax parallelepipedus in
Brittany landscape, for which the spatial dimension has only been considered implicitly
in Ref. [12].
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Appendix A. The convergence of a matrix sequence

e Let M be a non-negative matrix of order n, primitive and whose strictly dominant
eigenvalue is 1.

The Perron—Frobenius theorem yields that eigenvalue 1 is simple, has a positive
left-associated eigenvector, row vector u = (uy, ...,u,), uM = u, and a positive
right-associated eigenvector, column vector v = (vy, ...,v,)’, Mv = v, which can
be chosen to verify u-v = 1. In this case, the limit of the powers of matrix M exists,
we call it M, and can be expressed in terms of u and v, M = limy_oM k= yu.
Matrix M represents the eigenprojection associated to 1, so

MM = MM = MM = M. (A1)
and also matrix M — M has the same eigenvalues than M except that 1 is substituted
by 0, therefore its spectral radius verifies p(M — M) < 1 and thus there exists a
norm ||-|| in R" such that for the associated matrix norm in R™", |||-]||, holds

IM =Ml <r<1 and|||M]||=1. (A2)
e Let D be a non-singular matrix of order n and D' a matrix such that exp(D') = D,

then let us define matrices Dy = exp((1/k)D’).
Matrix D, can be written as

1
Dy =1+ P, with|||P]ll = O<k) (A3)

and as

1 1
Dy=1+,D +Ni with|[INiJll = 0<k—2>. (A4)
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Matrix 6D, for & > 0, verifies 6D = exp(D' + (log 8)I), and so we denote
1
(8DY = D' + (log &I and (8D), = exp <% (D' + (log 6)[)) )

We then have for any k =0,1,2, ...:

(8D), = exp (% D'> exp < (% log 8) I> = 8% Dy. (A5)

THEOREM A.1. Let M and D be matrices as described previously. Then,

klim(DkM)k = lim (MD)* = vM,
with y=expD'v), and, furthermore, |(MDy)*— yM|| = O(1/k) and |[(DM)* —
yMIl = O(1 /k).

Proof. The facts that (DyM)* = Dp(MD)*(Dy)™" and limg— oDy = limg—o(Dp) ' =1
yield that limy —, o0 (DyM)* = limy_, (MDy ), so we just need to prove, by the equivalence
of norms, that

1

(MDY — il = 0(%), (A6)

which is equivalent to |[(DM)* — yM|| = O(1 /k).

If we prove (A6) for matrix éD, for any 6 > 0, we will have it also proved for D
because, on the one hand,

k
(M(8D),)* = <M exp (/i (D' + (log 5)1)) >

1 1 k
= (M exp <k log 8) exp (k D’)) = 8(MDy),
and, on the other hand, calling ysp to constant vy for matrix 6D, we have
vsp = exp(u(D’ + (log 8)I)v) = exp(uD'v + log §) = 8.
If we take & = exp(—|[|D'[|]) we find, using (A5), that for every k,

1
@EDYN = 1187 Dilll = klllexp D)l = exp(— LD [IDexp(lll D11 = 1.

So, we can assume, without loss of generality, that matrix D verifies |[|D;]]] = 1 and
together with (A2) we obtain that

MDY |l =1 foreveryi,k € N. (A7)
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Now, we decompose (MDy)' using projector M,
(MDy)' = M(MDy)' + (I — M)(MDy)'. (A8)
First, we prove that |||(I — M)(MD)!||| = O(1/k),
(I = MYMD)™" = (I = MMD(MDy)' = (I — M)MD(M(MD,)' + (I — M)(MDy)")
using equalities (A1) and (A3), we get
(I = M)MDy)" = (M — M)PMMDy) + (M — M)D(I = M)MDy)'.

Denoting wi = |||(I — M)(MD,)'||| and using (A2) and (A7), we obtain the following
inequality:

witt = el a2+ rwy, (A9)

which yields

IIIMIIIr

wi = r'wp + (1Pl IIIMIIIZ = riw) + Pl (A10)

In particular,

il _ (1
wh = i+ P = 04 ).

Second, we prove that |||A7I(MDk)k — (1 + (/@D vy ml| = o /k),
M(MD,;)™" = MMD(MDy)" and using (A8) and (A4), we get

MMDy)*' = M(I + (1/k)D' + N)(M(MDy)' + (I — M)(MDy)"),

and having in mind that D'M = (uD'v)M and (Al), we deduce that
_ . 1 _ A _ S .
MMDy) ™ = (1 + p (uD’v)) M(MDy)' + EMD’(I — M)(MDy)' + MN(MDy)',
thus by induction, we obtain
| k
MMDy)* = (1 + —(uD’v)) M
+ Z ( +- (qu)) ( MD'(I — MY(MDy)* ™" + MIN(MDy)*~ “f)

So, we need to prove that

k—1

Z (1 +- (uD’v)> (IMD’(I—M)(MDk)k T 4 MIN (MDy)F! f>

J=0
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From (A10), we get

k k k
; i |||M|||V L1221l
E wi = E riw? + g P 1—r+ k|||Pk|"<B<°°

i=0 i=0 i=0 1=

1 B k—1 L _ k—1 -
= exp(l + Iu1’7VI>(gIIII‘4D’IIIZ Wi NIV D
=0

and, using (A4) and (A7), we finally have

k—1

Z (1 +- (uD’v)) ( MD/(I — MYMDy ' + MN(MDy)*~ “f)

J=0

J=0

1. _ _ 1
= exp(l + '“”V')<E D' 1B + 1Al |||Nk|||k) - o(%).

To finish the proof
(MDY — vyl = IMMDy)* + (I — MYMDy)* — ||

= |l — MMDY!|I| +

k
’M(MDk)" — (1 + %(uD’v)) M

il = 0(%)

k
+ (1 +%(uD’v)) —exp(uD'v)




