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We present a model of two interacting populations using two individual strategies, hawk
and dove. Individuals encounter each other frequently and can change tactics several
times in their life. Conflicts occur between individuals belonging to the same population
and to different populations. The general model is based on the replicator equations
which are used to describe the variations of the hawk proportions of the two popula-
tions. According to parameter values, namely the gain-, the intra- and inter-population
costs, and the relative intra-population encounter rates, we classify the different phase
portraits. We show that a decrease in the intra-population cost of a population provokes
an increase in the hawk proportion in this population and of the dove proportion in the
other population. An increase in the inter-population cost favors hawk strategy in the
population which causes more injuries and dove strategy in the other. We also study
the effects of the relative densities of the two populations on the stability of equilibria.
In most cases, an increase in the relative density of a population leads to a decrease in
hawk proportion in this population and of dove proportion in the other.

1. Introduction

Evolutionary game theory started with pioneer works of J. Maynard Smith.!® In
this context, one considers a single population which is composed of individuals
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that can adopt different behavior strategies, either pure or mixed. The game is
defined by the payoff matrix whose coefficients a;; represent the benefit obtained
by an individual playing strategy i against an individual playing strategy j. At
any time, the population is divided into sub-populations of individuals playing the
different strategies. The per capita growth rate of sub-population i is equal to
the gain of an individual playing strategy i against the population.” A strategy
that can resist invasion by any other strategy is said to be an Evolutionary Stable
Strategy, ESS. Instead of choosing the numbers of individuals as variables, it is
also frequent to consider the proportions (or frequencies) of individuals using the
different tactics. The equations that govern the time evolution of the frequencies
are referred to in the literature as the Replicator equations.!? In these equations,
one compares the gain of a given strategy, i.e. of an individual always playing this
strategy against the population, to the average gain of individuals of the population.
If this difference is positive, it is favorable to use this tactic and the proportion of
individuals playing it is increasing. Otherwise, the corresponding sub-population is
decaying. The replicator equations are a system of ODEs and an ESS corresponds
to an equilibrium point of this system that must be at least locally asymptotically
stable, L.a.s.. This condition l.a.s. is sufficient in the case of two strategies. In the
general case of more than two possible strategies, it is required that the equilibrium
point be strongly stable to be equivalent to an ESS.2

In the classical evolutionary game theory, an individual always adopts the same
strategy during all its life. Individuals using strategies corresponding to large fitness
better reproduce than others, leading in the long term to selection of the best fitted

1,318 it was assumed alternatively that individuals

strategies. In some recent works,
can adopt different tactics in their life. There is empirical evidence that the same
individual can use different strategies in its life. Examples of behavior changing over
time is widespread in mammals’ taxa like, e.g., domestic cat Felis catus,'® elephant
seals Mirounga angustirostris,'' red deer Cervus elaphus,® pronghorn Antilocapra
americana® or gray squirrels Sciurus carolinensis.'* In our approach an individual
adopts the strategy that maximizes its benefit which is interpreted as a resource
that individuals try to monopolize.

Game dynamics has been widely used to describe the behavioral dynamics
of individuals belonging to a single population. In many concrete situations the
population is not isolated but is interacting with at least another one. Individuals
of both populations can compare different tactics taking into account encounters
within their population and with individuals of the other omne. In this case,
it is necessary to weigh the influence of the different types of encounters. In
general, one may assume that each population assigns any weight to every type
of encounters. Two particular cases are of interest. Firstly, one can assume that the
weights are equal which leads to the type of models for two interacting populations
that are presented in Refs. 1, 9 and 18. A second case corresponds to a situation
where the weights are equal to the relative proportions of the different types of
encounters and thus depend on the relative densities of the two populations. This
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work is based on a general model for the case of two populations and two tactics
with weights that could be made explicit in any particular case. A close formulation
can be found in Refs. 7 and 10.

In the classical hawk—dove game with a single population, when the cost C is
larger than the gain (G, the hawk proportion in the population tends to a constant
G/C which is an ESS. At equilibrium, the population is polymorphic with constant
proportions of hawks and doves. Otherwise, the population is pure hawk. In this
paper, we shall consider the case of two populations and two tactics, hawk and dove.
Consequently, two types of encounters can occur, intra-population encounters and
inter-population ones. We assume that the gain G which corresponds to a common
resource is identical for individuals of both populations. But, we assume that the
costs due to fights between hawks are different within each population and between
them. Thus, intra-population costs Ci; and Cs; and inter-populations ones Cis
and Cs; are defined. According to values of gain and costs, we shall find which
combinations of tactics for both populations are compatible.

In Sec. 2, we present the general model for two populations and two tactics,
hawk and dove. The mathematical model is based on the replicator equations.'? In
Sec. 3, we study the stability properties of the equilibrium points of this system.
In Sec. 4, we classify the different phase portraits with respect to parameter values.
In Sec. 5, we present two particular cases with different weights assigned to intra-
and inter-population encounters. In Sec. 6, we study the effects of the relative
population densities on the stability of the equilibria.

2. The Model

We consider a community of two populations whose individuals can use hawk
(H) and dove (D) tactics. There are interactions between individuals of the same
population and of different populations. The winner of the game gains an access to
a common resource. Therefore, we assume that the gain G is identical for all indi-
viduals of the two populations. The gains obtained by hawk and dove individuals
of population 7 when interacting with hawk and dove individuals of population j
are represented by matrix A;; which is a classical hawk-dove matrix:

G —Cj G
Ay = 2 ol (2.1)

0 el

2

Let nll(¢) and nD (¢) be respectively the numbers of individuals using hawk and dove
strategies of population a, a = 1,2, at time ¢t. The total population « is denoted
ne(t) = nf(t) +nD(t). Let 2i(¢) and xL (¢) be the proportions of individuals using
hawk and dove tactics:

em

D
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e
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and (2.2)
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Let us denote x; = (2!, 2D) and x5 = (', 2D).

Each individual compares the different tactics. An individual of population 1
using the pure H strategy against individuals of its own population sharing the two
different tactics in proportions x; gets the following payoft:

Al = (1,0)Anx] ;
in this situation the average payoff of individuals of population 1 is:
All = X1A11X-1r .

If population 1 was considered isolated, according to the classical replicator
equations,'? the proportion of individuals of population 1 using strategy H, ziI,
would increase (resp. decrease) when its payoff would be larger (resp. smaller) than
the average payoff of its population. As a consequence the relative rate of change
of the proportion of hawks in population 1 would be proportional to the difference
A — Aqy. In this work individuals of population 1 also encounter individuals of
population 2. An individual of population 1 using the pure H strategy against in-
dividuals of population 2 sharing the two different tactics in proportions x5 gets
the following payoft:

Ay = (1,0)A12x; ;
in this case the average payoff of individuals of population 1 is:
Alg = X1A12X-2r .

If population 1 was only playing against population 2, the relative rate of change
of the proportion of hawks in population 1 would be proportional to the difference
A{IQ — Alg.

In the case of coupled populations, that is when each individual encounters
individuals of its own population and of the other one, it is necessary to consider
at the same time the intra- and inter-population games weighted by a constant
parameter representing the different influences of the two types of game. So the
relative rate of change of the proportion of hawks in population 1 is assumed to be
proportional to wy (AR — A1)+ (1 —w;)(AL — Ajs), where wy could be considered
as the relative intra-population 1 encounter rate.

Extending the same reasoning to the proportions of hawk and dove in the two
populations we can write the following set of ordinary differential equations which
describes the change of H and D proportions in each population:

dzt

d—tl :x{{(wl((l, O)A11X17X1A11X—1r)+(1 — wl)((l, O)A12X;—7X1A12X—2r)) 5

dzp _ g T T T T
=21 (@1((0, D) Anx] —x1Anxy)+(1 - w)((0, 1) Arzx; —x1A12%3))

(2.3)

dail

d—t2 :.’L'gl((l — wg)((l, O)A21XI_X2A21XI)+(A)2((17 O)AQQX%—_XQAQQX—ZF)) 5

dz3 _ o T T T T

W =Ty ((1 — wg)(((), 1)A21X1 —X2A21X1 )—I—wg((O, 1)A22X2 —X2A22X2 )) .
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If we call A the following matrix:

A 1-— A
A— W1A11 ( w1) 12 ’ (2.4)
(1 — WQ)Agl wa Ao

after substitution of Eq. (2.1) we get

G-C G-C
WITH le (1 —wl) 5 12 (1—(4}1)G
G
0 w1 — 0 (1 — wl)—
A= 2
G-C G-C ’
(1 — wg) ) 2 (1 — W2)G wo 2 22 U.)QG
G G
0 (1- W2)5 0 w2§
and we can write system (2.3) in a classical replicator form,'?19 generalized to two
populations,
d H
% = 21((1,0,0,0)Ax" — x;Ax"),
d D
S 2P((0,1,0,0)Ax" — x;Ax"),
dt
u (2.5)
T2 41((0,0,1,0)AxT — xpAxT
dt_$2((7’7)x XQX)v
d D
% = 22((0,0,0,1)Ax" — x,Ax"),
where xT = (2}, 2D, 2f 2D).

Bearing in mind that zi! + 2P =1 and 2z + 25 = 1, the previous system (2.5)
reduces to the next two equations:

dz 1

i 517(1 —z)(G —w1Ciz — (1 —w1)Chay),

‘ X (2.6)
d_i = §y(1 — y)(G - (1 — w2)021117 - w2022y) ,

where we denote z = x!! and y = z, the proportions of hawk individuals in
populations 1 and 2 respectively.

3. Stability of Equilibrium Points

System (2.6) is a set of two coupled ordinary differential equations. Our variables z
and y vary in the interval [0,1]. Thus, the domain of study is the square [0, 1] x [0, 1].
The steady states are located at its corners (0, 0), (0,1), (1,0), (1,1), located on its
boundaries,
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( G 0) (0 G ) (1 G — (1 — w2)021> (G — (1 — wl)Clg 1)
w10117 ’ ’ waCoo ’ ’ woCo ’ wi1Cn1 ’ ’

and one point
Q= (z"y")

_ ( G(UJQCQQ - (1 - wl)Clz) G(wlcn - (1 — UJQ)CQl) )
wiw2C11C22 — (1 —w1)(1 — w2)C12C21" wiwaCi1C22 — (1 — w1)(1 — w2)C12C21

inside the domain (according to parameter values). The lines x =0, 2 =1, y =0
and y = 1 are nullclines. Consequently, the square [0, 1] x [0, 1] is invariant and the
w-limit set of every orbit inside the square is an equilibrium point of this domain

because the system is competitive.
The Jacobian matrix associated to system (2.6) reads as follows:

J(:L’,y) =

1 1 1
5(1 — 258)(G —w1Ci12 — (1 — wl)Clgy) — 5(4)101158(1 — .CE) — 5(1 — u)l)ClQJC(l — .CE)

1
(1 —2y)(G — w202y — (1 — w2)C212) — §w2022y(1 -Y)

N =

5= w2)Coay(1 — )

We can obtain the following conditions (details of the calculation are given in the
appendix) for the local asymptotic stability (l.a.s.) of equilibrium points:

(0,0) never lLas..
(0,1) laws. if weCo <G < (1 —w1)Ci2.
(1,0) las.if w1C11 <G < (1 —w2)Co .
(1, 1) La.s. if max{wlcn + (1 — wl)Clg,WQCQQ + (1 — w2)021} <@G.
G .
,0 Las. if G < wi1Cq1 < (1 —u)2)021 R
w1C11
G .
0, La.s. if G < waCag < (1 — w1)012,
waCas

(17 M) La.s. if 0 < G — (1 — u)Q)CQl < wo (o9 and
waCa2

G(w2C22 — (1 —w1)C12) > wiw2C11C22 — (1 —w1)(1 —w2)C12Coa1,

(M, 1) las. if 0 < G— (1 —w1)Ci2 <wiCh1 and
w1C11
G(w1C11 — (1 —w2)C21) > w1w2C11C22 — (1 — w1)(1 —w2)C12C51,
Q= (a:*,y*) La.s. if wiw2C11C%2 > (1 — wl)(l — UJQ)ClQCQl,

0<z*<land 0<y*<1.
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4. Phase Portraits

In Sec. 3, we studied the local stability properties of equilibrium points. In this
section, we shall describe the phase portraits corresponding to the different set
of values of the parameters. To simplify the notations, let us define the following
parameters:

G G— (1 —wl)Clg G— (1 *Wg)CZl G

a=—— ([B= ,Y = and § = ,
wiCn IB w1Cr 7 waCoo waCo2

(4.1)

which correspond to the locations of the equilibrium points on the lines x = 0,
U)I%ll (6= W%M) is proportional to the
fraction of aggressive individuals in population 1 (2) when uncoupled to population
2 (1). Indeed, in the classical hawk—dove game, when G < C, the equilibrium

proportion of hawks is equal to G/C. If population 1 is isolated, i.e. uncoupled

z =1,y =0andy = 1. The parameter a =

to population 2, the equilibrium proportion of hawks would be G/Ci; = wia. It
represents the initial (or potential) hawk proportion of population 1. A similar
result holds for population 2 with a potential hawk proportion G/Cas = wad. If «
is close to zero, individuals of population 1 if isolated from 2 would be mainly dove.
If § is close to 1/ws, individuals of uncoupled population 2 would be mostly hawks.
Thus, a and § are directly related to the potential aggressiveness of individuals in
both populations before coupling.

The parameters of the model are linked by the following relations, 0 = a —
% andy=0— % While parameters « and § are positive, parameters
0 and y can be positive, negative or even equal to zero. Furthermore, 8 and v must
remain respectively smaller than o and § which determine some possible domains for
the parameters. An increase in the inter-population costs (Ci2, Ca1) corresponding
to fighting between individuals belonging to different populations leads to a decrease
in the parameter values, 3 and 7.

The phase portraits depend on the relative positions of the two following lines
(nullclines) Ry and Ry with respect to the unit square:

R :G—wiCriz—(1—w)Cry=0,

(4.2)
R2 G — WQCQQy — (1 — w2)021:17 = 0,

which are respectively x and y-nullclines. In Fig. 1, we distinguish five different
positions of the z-nullcline R; corresponding to five cases noted as I, II, III, IV
and V. Figure 2 presents the domains which are associated to these five regions
with respect to parameters « and (3. As we have seen earlier, the domain of interest
for the parameter plane (o, ) corresponds to a > 0 and to 8 < «. This possible
domain is divided into the five sub-domains of Fig. 1 that we still note in the same
way I, I, III, IV and V.

In each of these cases, one still must distinguish five positions of the nullcline R,
which we note as i, ii, iii, iv and v, see Fig. 3. The combination of the two relative
positions of Ry and R nullclines leads to different cases that we shall now study.
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1 1
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Fig. 1. The different positions that the nullcline Ry can take corresponding to five different cases
I, IT, IIT, IV and V.

Fig. 2. The five different cases I, II, III, IV and V of Fig. 1 represented in the parameter plane
(e, B).
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Fig. 3. The different positions that the nullcline R can take corresponding to five different cases
i, ii, iii, iv and v.

(D

0<Bem<l

w=a(1-1o)

=1R-8(1F-1)

Fig. 4. Case I, T(C;'u < 1, initial mixed population 1, G < wi1Ci1 + (1 — w1)Ci2 and G >
(1 — w1)Ch2. Different possible w-limit sets according to sub-domains of the parameter plane
(6,7). In the region noted («,0), all orbits within the unit square tends to the asymptotically
stable equilibrium (c,0). In the region noted (e, 0) and (8, 1), according to the initial condition
within the unit square , either the trajectory tends to the asymptotically stable point (¢, 0) or to

(B, 1).
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Fig. 5. Case I, different phase portraits that correspond to the different possibilities shown in
Fig. 4.

We shall classify the phase portraits corresponding to each case I, II, III, IV
and V. Case I corresponds to a domain in the («a, 8) plane of Fig. 2. Figure 4 shows
the possible w-limits of case I according to different values of the parameters § and
v. As for the (a, 8) plane, the domain of interest for the parameter plane (d,~)
corresponds to 6 > 0 and v < §. The (d,7) plane is divided into regions where
the equilibrium points that are asymptotically stable are indicated. When a single
equilibrium point is indicated, it is globally asymptotically stable in the unit square.
When two equilibrium points are noted, both are asymptotically stable and there
exists a separatrix which is the boundary of their domains of attraction. Figure 5
shows examples of phase portraits associated to each of the (4,+) sub-domains of
Fig. 4. Figures 6-9 show the possible w-limits of cases II, ITI, IV and V respectively.

Given gain G, costs Ci1, Css, Ci2 and (a1, and relative intra-population
encounter rates w; and ws, the values of the parameters a, 3, v and ¢ are fixed.
Therefore, it is possible by use of the previous figures to check easily which
equilibrium points are stable in each particular case.

Common trends are found in Figs. 4 and 6 to 9. When parameter § is fixed,
an increase in parameter v corresponds to an increase in the hawk proportion in
population 2. For example, in Fig. 6, case II, a vertical line in the direction of
increasing v values corresponds to a hawk proportion of population 2 varying from
0 to 1. When fixing a § value, the potential hawk proportion within population 2
is chosen. Then, an increase in parameter y corresponds to a decrease in inter-cost
C51. This means that injuries caused by individuals of population 1 to individuals
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Fig. 6. Case II, rgn > 1, initial hawk population 1. G > w1C11 + (1 — w1)Ci2. Different

possible w-limit sets according to sub-domains of the parameter plane (,~).

G=y

(11

O<B<l<a

=1E-8(1F-1)

Fig. 7. Case III, T(C;'u > 1, initial hawk population 1. (1 —w1)Ci2 < G < w1C11 + (1 —w1)Ch2.

Different possible w-limit sets according to sub-domains of the parameter plane (6,~).
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(0.1}

(1,0

Fig. 8. Case IV, T(C;'u > 1, initial hawk population 1. w1C11 < G < (1 — w1)C12. Different

possible w-limit sets according to sub-domains of the parameter plane (4,~).

(@ - ¥ G=y

y=8(1-1le)

Fig. 9. Case V, T(C;'u < 1, initial mixed population 1. (1 — w1)Ci2 < G < w1C11. Different

possible w-limit sets according to sub-domains of the parameter plane (,~).
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of population 2 are weaker. In turn, this favors the hawk strategy in population 2.
On the other hand, an increase in parameter v also corresponds to a decrease in the
hawk proportion in population 1. For example in Fig. 8 case IV, a vertical line can
change the hawk proportion of population 1 from 1 to 0. Indeed, a decrease in the
inter-cost C3; means that individuals of population 1 cause fewer injuries when
they fight against individuals of population 2. Consequently, the hawk proportion
in population 1 decreases.

In all cases I-V, we can also see that a horizontal line in the direction of increas-
ing  values corresponds to an increase in the hawk proportion in population 2 and a
decrease in the hawk proportion in population 1. Indeed, when inter-population cost
(5 is fixed, an increase in § corresponds to an increase in the potential proportion
of hawks in population 2. This in turn causes a decrease in the hawk proportion
of the other opponent population 1 because its individuals encounter more and
more aggressive individuals of population 2. It also favors an increase in hawks in
population 2 which become more efficient against individuals of population 1.

To summarize:

— An increase in the inter population costs always favors hawk strategy in the
population which causes more injuries and dove strategy in the other.

— An increase in the potential hawk proportion in a population (before coupling),
favors hawk strategy in this population and dove strategy in the other (after
coupling).

5. Some Particular Cases of Relative Intra-Population
Encounter Rates

Assuming that intra- and inter-population encounters are similarly weighted we
must choose w1 = wy = 1/2. Such an assumption is implicit in Sec. 3 of the book
by Cressman.’ In that case, system (2.6) reads:

de 1

E = Zzp(l — x)(?G —Cr1x — Cl2y) »

@i 1 (5.1)
d_th = Zy(l — y)(2G — Co1x — C22y) .

In other cases, it is necessary to take into account the densities n; and ns. For
instance, if we have many individuals in population 1 (large n1) and few indivi-
duals in population 2 (small ny), individuals of population 2 will mostly encounter
individuals of population 1. This density effect was not considered in model (5.1).
In order to consider this density effect, we must choose wy = n;/n and wy = na/n,
where n = ni + ns.

This leads us to consider the next set of differential equations:

d
d_CL' = i(1 — x)(G(nl + ng) —Ciinix — Cm’ﬂgg) R
t 2n
(5.2)
dy _ y

Y~ L (1~ y)(@lm + ) ~ Cormz — Camay).
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In this system population densities (n,ng) are constant parameters.

Another way to derive system (5.2) is to consider a new system whose variables

are densities (ntl, nD nfl nD):

dnlt nt
d—tl = ﬁ((nl,o, 0,0)An" —n;An"),
1
D D
d& = n_l((O’nl7 07O)A1’1T — 1’11.A1'1T)7
dt nny 53
dny’ ny' T T (>3
e n—nQ((OaO,nZ,O)AH —nzAn’),
d D D
% = :—TZLQ((O’ 0707n2)AnT - n2AnT)7

where we have used the following notations: n = (nl, nP nif nP) n; = (ntf nP,

0,0) and ny = (0,0, nf nk).
One must note that n; and ny are constants of motion for Eq. (5.3) and thus
are constant parameters.

6. Density Effects on Game Dynamics

In the cases when both populations are monomorphic at equilibrium the relative
densities (w1,w2) only affect the size of the parameters domain in which the steady
state is lL.a.s.

In the cases when at least one of the populations is mixed at equilibrium the
hawk proportion depends on relative densities:

° (wlgn ,0). The hawk proportion of population 1 is a decreasing function of w;.

This means that population 1, which is encountering a completely dove popula-
tion 2, is becoming less aggressive as its relative density increases.

e (0, ﬁ) This is the symmetric case to the previous one.

o (1, %) If G > C5; the hawk proportion of population 2 is a decreasing

function of wy. This result is similar to the previous cases. If G < C3; we find
the opposite relationship. In that case population 2 encounters a pure hawk
population 1 which causes important injuries to it — an increase in the relative

density of population 2 yields an increase in its hawk proportion.
° (G—(l—wl)Clg

o 1). Analogous to the previous one.

(kR G(C22—-C12) 1 _G(C11—C21) 1
® Q - (CL‘ ’.y ) - (011.022—012021 w1’ C11C22—C12C21 w2 o
the relative proportion of any of the two populations provokes a decrease in its

hawk proportion.

). In this case the increase in

To summarize we have found that in most cases an increase in relative density
of a population leads to a decrease in its hawk proportion.
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7. Discussion and Conclusion

In this paper, we have classified the different phase portraits for two interacting
hawk—dove populations. There are many possibilities because pure as well as mixed
equilibria are possible for both populations. Furthermore, several equilibria can be
stable at the same time. However, it was possible to find general common trends
that we now summarize: An increase in the potential aggressiveness of a popula-
tion favors a mixed strategy with a high hawk proportion in this population and
dove proportion in the other. An increase in injuries caused by a population to
another provokes an increase in hawk proportion in the first population and of
dove proportion in the second one.

In this contribution, population densities are constant. But, in Sec. 6 we have
studied the effects of the relative densities of the populations on equilibria. We
found that in most cases, an increase in the relative proportion of a population
favors the increase in hawk proportion in this population and of dove proportion in
the other.

In Ref. 3, we considered a single population with hawk and dove individuals.
We considered two time scales, a fast one for the game dynamics and a slow one
for the demography of the population. We used aggregation methods to obtain
an equation governing the total population at the slow time scale. Aggregation
methods are based on different time scales and allow us to reduce the dimension of
the dynamical system.?*!317 This reduced model was a logistic equation with a
carrying capacity that was a decreasing function of the hawk proportion of the
population at the fast equilibrium. This leads us to the following interpretation:
Large populations in urban areas are mainly dove while small density populations
in rural areas are aggressive. This result was confirmed by empirical evidence in the
case of domestic cat populations.

In this paper, the densities of the two populations are constant parameters. In a
future work, we shall couple the present game dynamics model for two populations
and two tactics with a population dynamics model. To perform this, we shall
assume that the game dynamics corresponds to a fast time scale with respect to
demography. Therefore, we shall use this new model to study the influence of the
individual behavior selected by individuals of both populations (hawk or dove)
at the fast time scale on their coexistence or mutual exclusion in the long term.
This will allow us to study the coevolution of the behavioral dynamics and of the
population dynamics. This aspect was partly discussed in Sec. 6 of this paper as
equilibrium points depend on the relative population densities. But, the next step
is to connect the two types of models, game and population dynamics and to study
the coupling between both processes, i.e. the effects of densities on the tactics
adopted by individuals but also the effects of strategies selected by individuals on
the dynamics of their population densities.
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Appendix. Local Stability Analysis of the Equilibrium Points

In the case of the origin the Jacobian matrix reads:

G 0
J(0,0) = (O G) .

The two eigenvalues are equal to the positive parameter G and the origin is an
unstable node.
In the case of the (1, 0) the Jacobian matrix reads:
1
— i(G — wlCn) 0
1
0 i(G - (1 — U.)Q)Cgl)
Thus, (1,0) is a stable node if both entries on the main diagonal are negative which
can be expressed by w1C1; < G < (1 — wz)C21. A similar result holds for the
equilibrium points (0, 1) and (1, 1) which have a diagonal Jacobian matrix.

In the case of the equilibrium point (ﬁ, 0) the Jacobian matrix reads:

G ( G _ 1) G(l — wl)Clg ( G . 1)
J( G 0) B wi1Cr1 wi1Cr1 wi1Cn
w1Chy’ 0 a (1 _ (1- w2)021>

wi1Cn

J(1,0) =

As the matrix is triangular, the eigenvalues are the entries of the main diagonal.
Thus, the equilibrium point is a stable node if both eigenvalues are negative which
can be expressed by G < w;C11 < (1 —w3)Ca1. In the case of the three equilibrium
points (0, %), (1, G_(ul};g;; @21) and (W, 1), the Jacobian matrix is also

triangular and the stability conditions are easily found.

In the remaining case of the equilibrium point @ = (z*, y*), after some algebra,
the Jacobian matrix reads:

7“}1011 IL‘*(]. . .’E*) o (1 — (4)1)012 IL‘*(l . .’E*)
Te = e o
— W W
Y)Y

The equilibrium point @ = (z*, y*) must be located inside the unit square to make
sense, i.e. 0 < z* < 1 and 0 < y* < 1. Then, the trace of the Jacobian matrix is
negative. To be a sink, its determinant must be positive leading to the condition
w1C11w2Ce9 — (1 — w1)012(1 — U.)Q)Cgl > 0.

Acknowledgment

Two of the authors were partially supported by Proyecto de Investigacion PB98-
0702 (Spanish M.E.C.).



Behavioral Dynamics of Two Interacting Hawk—-Dove Populations 661

References

1.

10.

11.

12.

13.

14.

15.

16.

17.

18.

19.

P. Auger, R. Bravo de la Parra and E. Sanchez, Hawk-dove games and competition
dynamics, Math. Comp. Mod. 27 (1998) 89-98.

. P. Auger and J. C. Poggiale, Emergence of population growth models: Fast migration

and slow growth, J. Theor. Biol. 182 (1996) 99-108.

P. Auger and D. Pontier, Fast game theory coupled to slow population dynamics: The
case of domestic cat populations, Math. Biosci. 148 (1998) 65-82.

R. Bravo de la Parra, E. Sanchez, O. Arino and P. Auger, A discrete model with
density dependent fast migration, Math. Biosci. 157 (1999) 111-146.

J. A. Byers and D. W. Kitchen, Mating system shift in a pronghorn population, Behav.
Ecol. Sociobiol. 22 (1988) 355-360.

T. H. Clutton-Brock, F. E. Guinness and S. D. Albon, Red Deer: Behavior and
Ecology of Two Sexes (The University of Chicago Press, 1982).

R. Cressman, A. T. Dash and E. Akin, Evolutionary games and two species population
dynamics, J. Math. Biol. 23 (1986) 221-230.

R. Cressman, Strong stability and density-dependent evolutionary stable strategies,
J. Theor. Biol. 145 (1990) 319-330.

R. Cressman, The Stability Concept of Evolutionary Game Theory, Lecture
Notes in Biomathematics, Vol. 94 (Springer, 1992).

R. Cressman, Evolutionary game theory with two groups of individuals, Games Econ.
Behavior 11 (1995) 237-253.

M. P. Haley, C. J. Deutsch and B. J. Le Boeuf, Size, dominance and copulatory success
in male northern elephant seals, Mirounga angustirostris, Animal Behavior 48 (1994)
1249-1260.

J. Hofbauer and K. Sigmund, Evolutionary Games and Population Dynamics
(Cambridge Univ. Press, 1998).

Y. Iwasa, V. Endreasen and S. A. Levin, Aggregation in model ecosystems II. Approxi-
mate aggregation, IMA J. Math. Appl. Med. Biol. 6 (1989) 1-23.

J. L. Koprowski, Alternative reproductive tactics in male eastern gray squirrels:
“making the best of a bad job”, Behavioral Ecology 4 (1993) 165-171.

O. Liberg, “Predation and social behavior in a population of domestic cats. An
evolutionary perspective”, PhD thesis, University of Lund (1981).

J. Maynard Smith, Evolution and Theory of Games (Cambridge Univ. Press,
1982).

E. Sdnchez, R. Bravo de la Parra and P. Auger, Linear discrete models with different
time scales, Acta Biotheor. 43 (1995) 465-479.

E. Sanchez, P. Auger and R. Bravo de la Parra, Influence of individual agressiveness
on the dynamics of competitive populations, Acta Biotheor. 45 (1997) 321-333.

K. Sigmund, A survey of replicator equations, in Complexity, Language, and Life:
Mathematical Approaches, eds. J. L. Casti and A. Karlqvist, Biomathematics
Texts, Vol. 16 (Springer, 1986).



